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DESINGULARISATION OF ORBIFOLDS OBTAINED FROM SYMPLECTIC
REDUCTION AT GENERIC COADJOINT ORBITS
KLAUS NIEDERKRU¨GER AND FEDERICA PASQUOTTO
Abstract. We show how to construct a resolution of symplectic orbifolds obtained as quotients
of presymplectic manifolds with a torus action. As a corollary, this allows us to desingularise
generic symplectic quotients. Given a manifold with a Hamiltonian action of a compact Lie
group, symplectic reduction at a coadjoint orbit which is transverse to the moment map produces
a symplectic orbifold. If moreover the points of this coadjoint orbit are regular elements of the
Lie coalgebra, that is, their stabiliser is a maximal torus, the result for torus quotients may be
applied to obtain a desingularisation of these symplectic orbifolds. Regular elements of the Lie
coalgebra are generic in the sense that the singular strata have codimension at least three.
Additionally, we show that even though the result of a symplectic cut is an orbifold, it can
be modified in an arbitrarily small neighbourhood of the cut hypersurface to obtain a smooth
symplectic manifold.
1. Introduction
Let G be a compact Lie group, and let (W,ω) be a Hamiltonian G–manifold with moment map
µ : W → g∗. If µ is transverse to the coadjoint orbit Ad(G)∗ν, then the preimage O(Ad(G)∗ν) :=
µ−1(Ad(G)∗ν) of the coadjoint orbit is a smooth G–invariant submanifold. It also follows that
every element on the coadjoint orbit Ad(G)∗ν is a regular value of the moment map µ, and so the
G–action is locally free, because for X ∈ g the infinitesimal generator XW satisfies the equation
iXW ω = 〈dµ|X〉, so that XW cannot vanish at regular points of the moment map µ. The quotient
O(Ad(G)∗ν)//G := µ−1(Ad(G)∗ν)/G
is an orbifold. The easiest way to define the canonical symplectic structure on O(Ad(G)∗ν)//G is
by using the isomorphism
(1.1) O(Ad(G)∗ν)//G ∼= µ−1(ν)/ Stab(ν) .
The 2–form ω descends to a non-degenerate form on the quotient on the right hand side, because
the tangent space to the Stab(ν)–orbits spans the kernel of ω|Tµ−1(ν).
In this paper we prove the following result, which is a generalisation of the result in [NP07].
Theorem 1. Let (M,ω) be a symplectic orbifold arising as the quotient of a presymplectic Tk–
manifold by the given torus action and let X be the set of orbifold singularities of M . Assume
that X is compact: then for any neighbourhood U of X there exists a symplectic resolution of M
supported on U .
Definition. An element ν in the Lie coalgebra g∗ is called regular if its stabiliser with respect
to the coadjoint action is a maximal torus.
In fact most elements of the Lie coalgebra are regular: their complement consists of the union
of finitely many subspaces of g∗, the singular strata, which have codimension at least 3. Using
the isomorphism (1.1) we can apply the theorem to a symplectic reduction at a generic element
ν ∈ g∗ to obtain the following
Corollary 2. Let G be a connected compact Lie group, and let (W,ω) be a Hamiltonian G–
manifold with moment map µ. Choose an element ν ∈ g∗ that is a regular value of µ and a regular
element of the Lie coalgebra. The reduced space M := O(Ad(G)∗ν)//G is a symplectic orbifold
and, provided that the set X of orbifold singularities is compact, it admits a symplectic resolution
supported on an arbitrarily small neighbourhood of X.
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2. Presymplectic manifolds and symplectic orbifolds
In this section, G will denote a compact connected Lie group and g its Lie algebra. If G acts
on a manifold P , then there exists a homomorphism
g→ X(P ) , X 7→ XP (p) =
d
dt
∣∣∣∣
t=0
exp(tX) ∗ p .
The vector XP is called the infinitesimal action of X ∈ g.
Definition. Let P be a (2n + k)–dimensional smooth manifold and assume it admits a locally
free G–action and a closed 2–form ωP such that:
(i) dimG = k;
(ii) ωnP 6= 0;
(iii) the infinitesimal action of g spans the kernel of ωP .
We call P a presymplectic G–manifold.
Definition. A symplectic orbifold M is a Hausdorff, second countable topological space,
equipped with an atlas of uniformizing charts (U˜i,Γi, ϕi, ωi), where U˜i is an open connected
subset of R2n, Γi is a finite group of symplectomorphisms of (U˜i, ωi) and ϕi : U˜i → M induces
a homeomorphism from U˜i/Γi to Ui ⊂ M . These charts are required to cover M and to satisfy
the following compatibility condition: if x ∈ U˜i and y ∈ U˜j are such that ϕi(x) = ϕj(y) then
there exists a symplectomorphism from a neighbourhood of x onto a neighbourhood of y whose
composition with ϕj is ϕi.
Definition. LetM1 andM2 be orbifolds with uniformizing charts
{
(U˜i,Γi, ϕi)
}
and
{
(V˜j ,Λj , ψj)
}
,
respectively. A smooth orbifold map f : M1 →M2 is a continuous map such that if x ∈ U˜i and
y ∈ V˜j are such that f
(
ϕi(x)
)
= ψj(y), then there exists a smooth map f˜ from a neighbourhood
of x to a neighbourhood of y such that ψj ◦ f˜ = f ◦ ϕi.
A G–orbifold M is a smooth orbifold map G×M →M with the usual properties of an action.
The definition of presymplecticG–orbifold is also analogous to the corresponding one for manifolds.
Lemma 1. Let P be a presymplectic G1 × G2–manifold. Then P/G1 is a presymplectic G2–
orbifold. Moreover, P/(G1 ×G2) and (P/G1)/G2 are isomorphic as symplectic orbifolds.
The proof of the lemma above is analogous to the case of smooth manifolds with free group
actions. In our situation, though, one has to use the symplectic orbifold slice theorem, as stated
in [LT97].
2.1. Symplectic resolutions.
Definition. Let M be an orbifold with singular set X . A resolution of M consists of a smooth
manifold M˜ and a continuous surjective map p : M˜ → M which is a diffeomorphism on the
complement of the singular set.
If (M,ω) is a symplectic orbifold (presymplectic G–orbifold) and U is a neighbourhood of the
singular set X , then a symplectic (presymplectic) resolution ofM supported on U consists
of a smooth symplectic (presymplectic G–) manifold (M˜, ω˜) and a (G–equivariant) resolution
p : M˜ →M such that p∗ω = ω˜ on the complement of U .
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✲
[p1]
Figure 1. Resolution scheme applied to a presymplectic T4–manifold (P, ω).
3. Construction of the resolution
3.1. Strategy. Let M be a symplectic orbifold arising as the quotient of a presymplectic Tk–
manifold P by the given group action, and let U be a neighbourhood of the set of orbifold sin-
gularities of M . If we split off an S1–factor from the k–dimensional torus and view M as the
quotient of a presymplectic S1×Tk−1–manifold, by Lemma 1 we have that P/S1 is a presymplec-
tic Tk−1–orbifold and (P/S1)/Tk−1 ∼= M . If the S1–action on P happens to be free, then P/S1
is a smooth presymplectic Tk−1–manifold and we can split off another S1–factor. If the action is
only locally free, in Lemma 2 below we show that one can construct a presymplectic resolution
P1 of P/S
1 (with Tk−1–action) supported on an arbitrarily small neighbourhood U1 of the set
of singular points of P/S1. In particular, we can choose U1 in such a way that its image under
the Tk−1–action is contained in U . From this it follows that the map p1 : P1 → P/S1 induces a
surjective map [p1] : P1/T
k−1 → (P/S1)/Tk−1 ∼= M which is a diffeomorphism outside the set of
singular points of M and a symplectomorphism outside U .
If we iterate this step (see Fig. 1), we get a sequence of manifolds P1, . . . , Pk such that:
(i) Pi is a presymplectic T
k−i–manifold;
(ii) pi : Pi → Pi−1/S1 is a presymplectic resolution supported on Ui with an action of Tk−i
such that Ui/T
k−i ⊂ ([p1] ◦ · · · ◦ [pi−1])−1(U);
(iii) the induced maps [pi] : Pi/T
k−i → Pi−1/Tk−i+1 can be composed to obtain a symplectic
resolution [p] = [p1] ◦ [p2] ◦ · · · ◦ [pk] : M˜ = Pk →M = P/Tk of M supported on U .
Lemma 2. Let (P, ω) be a presymplectic S1 × G–manifold. Let U be a neighbourhood of the set
of singular points for the S1–action. Then we find a presymplectic S1 × G–manifold (P˜ , ω˜) such
that the S1–action is free, and such that there is a map p : P˜ /S1 → P/S1 that is a G–equivariant
presymplectic resolution of P/S1 supported on U .
The rest of Section 3 will be devoted to the proof of this lemma. For this we have to adapt the
symplectic cut [Ler95] to our presymplectic setting. Roughly speaking we construct an auxiliary
circle action in a tubular neighbourhood of the stratum of singularities with highest isotropy group.
Then we cut out a smaller neighbourhood, and using the auxiliary action we collapse the boundary
of the cavity to reobtain a closed manifold. With this construction, we have removed the points
with highest isotropy groups, and then we can reapply the same steps to reduce successively the
order of the worst singular points, until none are left.
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3.2. Reducing the order of the singularities of the S1–action. Choose an S1×G–invariant
splitting of the tangent bundle,
TP = kerωP ⊕ Ω
P .
Since ΩP is a symplectic subbundle, it admits an S1 × G–invariant almost complex structure J
that is compatible with ωP |ΩP (see for example [MS98, Section 5.5]). Consider the metric on Ω
P
given by g = ωP (J−,−), and extend it to an invariant metric on TP such that kerωP ⊥ ΩP .
Consider the stratification {Pk} of the singular set of the S1–action on P , with Pk =
{
p ∈ P
∣∣
StabS1(p) ∼= Zk
}
. If k is maximal, that is, Pk′ = ∅ for k′ > k, then Pk is a closed, S1×G–invariant
submanifold of P , of codimension at least 2. By restricting to one component, we may further
assume Pk to be connected. A model of a neighbourhood of Pk is given by a neighbourhood of the
zero section in the total space of its normal bundle νk. The linearisation of the S
1×G–action on P
defines an action on νk that is equivalent to the given one on P (in the sense that the exponential
map defines an equivariant diffeomorphism from a neighbourhood of the zero section in νk to a
neighbourhood of Pk in P ). Later it will be necessary to introduce an auxiliary circle action. To
avoid confusions, from now on we will call the given S1–action the β–action and we will write it
as λ ∗β v for λ ∈ S1 and v ∈ νk, whereas we will write g ∗G v for the G–action.
Let x ∈ Pk be a point in the minimal stratum. The S1–stabiliser StabS1(x) ∼= Zk acts by iso-
metric J–linear transformations on ΩPx , hence there exists an isomorphism between the Hermitian
vector spaces (ΩPx , J, g) and the standard Hermitian space C
n such that the linearised Zk–action
takes the form
(3.1) λ ∗β z = (λ
ea1z1, . . . , λ
eanzn), λ ∈ Zk, z ∈ C
n, a˜1, . . . , a˜n ∈ Z .
Without loss of generality we may assume that 0 = a˜1 = · · · = a˜m < a˜m+1 ≤ · · · ≤ a˜n < k for
some m. The first m directions span the space ΩPx ∩ TxPk, and since the others are orthogonal,
they coincide with the fibre νk(x). In particular, it follows that νk is a J–complex bundle with a
fibrewise J–linear Zk–action that commutes with the S
1 ×G–action.
Denote by a1 < · · · < al the distinct exponents occurring in the normal form (3.1) for the
action: νk splits thus into a direct sum of S
1 ×G–invariant subbundles
νk = E1 ⊕ · · · ⊕ El ,
where Ei(x) denotes the eigenspace corresponding to the eigenvalue λ
ai in the fibre at the point
x. The splitting is well defined for each component of Pk. This allows us to extend the Zk–action
to an auxiliary circle action ϕ by setting for any λ ∈ S1
λ ∗ϕ v := λ
a1v1 + · · ·+ λ
alvl ,
where v = v1+ · · ·+ vl is a splitting with respect to the eigenspaces defined above. This S1–action
is fibrewise and J–linear, and commutes with the original S1×G–action. The presymplectic form
ωP is ϕ–invariant at points of Pk, but unfortunately it does not need to be invariant at other
points. By averaging ωP over the ϕ–action, we obtain a closed 2–form ω which is invariant with
respect to both the S1×G– and the ϕ–action, and such that the S1×G–orbits still lie in the kernel
of ω. At points of Pk, where ωP was already ϕ–invariant, we did not change it by averaging, and
so we have ωn 6= 0. It follows that there is a small neighbourhood of the zero section, where ω
will be S1 ×G–presymplectic.
Proposition 3. There exist neighbourhoods U1, U2 of Pk in νk and an S
1 ×G–equivariant diffeo-
morphism Ψ : U1 → U2 such that
Ψ∗ω = ωP .
The proof of this statement is a variation on the proof of the analogous statement in the
symplectic case, but for completeness we have included it in the appendix. This proposition shows
that we can pull-back the ϕ–action to a neighbourhood of Pk where it gives us an auxiliary action
for which the original presymplectic form ωP is invariant. Equivalently we can work with the
action ϕ we have defined above and the averaged symplectic form ω. In this paper we choose to
do the latter.
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Proposition 4. There exists a neighbourhood U of Pk in νk and a non negative S
1×G–invariant
Morse-Bott function µϕ : U → R such that
• iXϕω = dµϕ
• µϕ vanishes only on the zero section of νk, and it is strictly increasing in radial fibre
direction.
Proof. Since ω is ϕ–invariant, one has that diXϕω = LXϕω = 0. For the time being, let U be
any tubular neighbourhood of Pk, where ω is defined. The closed 1–form iXϕω represents a class
in H1(U) which vanishes if we pull it back to the zero section Pk: Given that H
1(U) ∼= H1(Pk),
it follows that iXϕω is exact on U , i.e., there exists a function µϕ such that iXϕω = dµϕ. The
function µϕ is uniquely defined up to an additive constant (which we may choose such that µϕ ≡ 0
on Pk) and is S
1 ×G–invariant.
Recall that a function f : M → R is called Morse-Bott if Crit(f) is a submanifold of M and
TxCrit(f) = kerHessx(f) for all x ∈ Crit(f), where Hessx(f) : TxM → TxM denotes the Hessian
of f at the point x.
In the case we are considering Crit(µϕ) = Pk: in fact, if v ∈ Pk, Xϕ(v) = 0, and hence
dµϕ = iXϕω = 0. Conversely, since Xϕ always lies in the fibre of νk and ω restricts to a symplectic
form there, dµϕ = iXϕω can only vanish if Xϕ = 0. It is easy to show that if v ∈ Pk, the inclusion
Tv Crit(µϕ) ≤ kerHessv(µϕ) holds.
To see that equality holds one needs to show that dimkerHessv(µϕ) ≤ dimPk or, equivalently,
that rankHessv µϕ is at least equal to the rank of νk. Restricting ω, ϕ and µϕ to one fibre
of νk we are in a proper symplectic situation and we may conclude that µϕ|νk(x) is Morse (see
[MS98, Section 5.5]), hence in particular it has full rank. Introducing bundle coordinates on U and
computing the matrix of second derivatives of µϕ, which represent the Hessian in these coordinates,
we see that it always contains a non singular block, corresponding to the above restriction of µϕ
to one fibre, having rank equal to the rank of νk. This proves that µϕ is Morse-Bott, and it only
remains to show that it is positive outside Pk.
Let ∂r be the radial vector field on νk given by
∂r(v) =
d
dt
∣∣∣∣
t=1
t · v
for v ∈ νk. We will show that µϕ strictly increases in radial direction, more precisely that
L∂rµϕ ≥ 0 in U (possibly after shrinking U) with equality only at the zero section. By definition
of µϕ, one has i∂rdµϕ = ω(Xϕ, ∂r), so it will suffice to show that there exists a neighbourhood
of Pk where ω(Xϕ, ∂r) ≥ 0. With π denoting the bundle projection νk → Pk, the vertical bundle
V (νk) of νk can be identified with the pull-back
π∗νk =
{
(v, w) ∈ νk × νk
∣∣ π(v) = π(w)} .
The identification of π∗(νk) and V (νk) goes as follows
π∗(νk)→ V (νk), (v, w) 7→
d
dt
∣∣∣∣
t=0
(v + tw) .
Let v ∈ νk, and write it as v = v1 + · · ·+ vl with respect to the splitting νk = E1 ⊕ · · · ⊕El. The
vectors Xϕ and ∂r lie in V (νk) ∼= π∗(νk) and they are given by
Xϕ(v) = (v, a1Jv1 + · · ·+ alJvl) and ∂r(v) = (v, v) .
Let w be another vector in νk with π(v) = π(w), ‖w‖ = 1, and w = w1 + · · ·+wl with respect to
the splitting νk = E1 ⊕ · · · ⊕El. We will show that if v lies in the zero section of νk, then one has
(3.2) ω
(
(v,
l∑
j=1
ajJwj), (v, w)
)
> 0 .
Then by continuity there exists a neighbourhood of the zero section of νk where this holds for
all ‖w‖ = 1 and therefore, by scaling, for all w 6= 0. Hence in particular ω(Xϕ, ∂r) ≥ 0 on this
neighbourhood, with equality only at the zero section. In order to prove (3.2), recall that at the
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zero section of νk the differential of exp is the identity and the presymplectic form ωP is left
unchanged by averaging. So it follows that
ω
(
(v,
l∑
j=1
ajJwj), (v, w)
)
= ω
( l∑
j=1
ajJwj , w
)
=
l∑
j=1
aj ω
(
Jwj , wj
)
> 0 ,
since the eigenspaces Ej ’s are ω–orthogonal. 
3.3. Surgery along the minimal stratum. As in the previous section, consider the minimal
singular stratum Pk, denote by νk its normal bundle in P and take now the product νk × C. We
can extend the original β– and G–action to this product by letting S1 and G act trivially on the
C–factor, namely, for v ∈ νk(x), w ∈ C
λ ∗β (v, w) := (λ ∗β v, w) and g ∗G (v, w) := (g ∗G v, w) .
We can define a second circle action on νk × C by setting
λ ∗ϕ (v, w) = (λ ∗ϕ v, λ
−kw) =
(
(λa1v1 + · · ·+ λ
alvl), λ
−kw
)
,
where v = v1 + · · ·+ vl is the splitting with respect to the eigenspaces defined above. The β– and
ϕ–actions commute and therefore we can combine them and define a new S1–action
λ ∗τ (v, w) := λ ∗ϕ
(
λ−1 ∗β (v, w)
)
.
This τ–action is not effective, because the ϕ– and the β–action coincide for elements in Zk. But
consider the short exact sequence
0→ Zk → S
1 → Sˆ1 → 0 ,
with the homomorphism of the circle given by λ 7→ λk, and let Sˆ1 act on νk × C by σ ∗τˆ (v, w) =
λ ∗τ (v, w) for some λ ∈ S1 such that λk = σ. This new action, which we denote by τˆ , is not
only effective but even free and the quotient (νk × C)/τˆ is a smooth manifold. Since ϕ and
G commute with τˆ and with each other, they descend to this quotient, inducing an S1 × G–
action, that is again locally free outside the set
{
[v, 0]
∣∣ v ∈ Pk}. To see this, assume there is
[v, w] ∈ (νk ×C)/τˆ and a sequence
{
(λn, gn)
}
in S1×G, converging to the identity element (1, e),
such that (λn, gn) ∗ϕ×G [v, w] = [v, w] for all n ∈ N. This means that for each n there exists a
unique element σn ∈ S1 such that σn → 1 and
(3.3) (λn, gn) ∗ϕ×G (v, w) = σn ∗τˆ (v, w) .
By definition of the τˆ–action, σn ∗τˆ (v, w) = µn ∗τ (v, w) for some sequence {µn ∈ S1} such that
µkn = σn and µn → 1. Dropping the w–coordinate and projecting onto the zero section of νk we
obtain gn ∗G π(v) = µn ∗β π(v), that is, (µ−1n , gn) ∈ Stabβ×G(π(v)). Since the β × G–action is
locally free, it follows that µn = 1 and gn = e for all n sufficiently large. We can now rewrite
Equation (3.3) as λn ∗ϕ (v, w) = (v, w) and from this conclude that either λ = 1 or (v, w) has to
lie in Pk × {0}.
We define a 2–form Ω = (ω,−i dw∧dw¯) on νk×C, which is invariant with respect to the τˆ–action.
By construction, the infinitesimal generator of this action can be written as Xτˆ =
1
k
(−Xβ +Xϕ).
The “Hamiltonian” for the τˆ–action, given by
Hτˆ (v, w) =
1
k
µϕ(v)− |w|
2
,
satisfies iXτˆΩ = dHτˆ . It follows that if we restrict to a regular level set of Hτˆ , say H
−1
τˆ (ε/k), we
have iXτˆΩ = 0. In other words, on such a level set the generator of the τˆ–action is contained in
the kernel of the 2–form. In fact, this kernel contains the subspace spanned by the infinitesimal
generators of the G–, ϕ–, and τˆ–actions. For an arbitrary skew–symmetric two–form ω on a vector
space V and a linear subspace W ≤ V , one has
dimW + dimWω = dimV + dim(W ∩ kerω) .
With V = T (νk × C) and W = TH
−1
τˆ (ε/k), using that kerΩ is spanned by the generators of the
G– and ϕ–actions, this formula gives dimWΩ = dimG + 2, which implies that on H−1τˆ (ε/k) the
kernel of Ω|W coincides with the subspace spanned by the infinitesimal generators of the G–, ϕ–,
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and τˆ–actions. Hence the quotient Pε := H
−1
ϕ (ε/k)/τˆ , with the structure induced by Ω, ϕ, and G
is a smooth presymplectic S1 ×G–manifold.
Notice that H−1τˆ (ε/k) can be written as the disjoint union of two τˆ–invariant manifolds
H−1τˆ (ε/k) =
{
(v, w)
∣∣∣∣µϕ(v) > ε, |w|2 = µϕ(v)− εk
}
⊔
{
(v, 0)
∣∣ µϕ(v) = ε} .
Choose δ > 0 such that µ−1ϕ (δ) is contained in U , the neighbourhood of Pk constructed in Proposi-
tion 4. Notice that µ−1ϕ (δ) has the structure of a sphere bundle over Pk. For 0 < ε < δ, denote by
νk(ε) the subset of νk given by {µϕ(v) < ε}, by νk(ε, δ) the “annulus”
{
v ∈ νk
∣∣ ε < µϕ(v) < δ},
and consider the map
Φ : νk(ε, δ)→ Pε , v 7→
[
v,
√
µϕ(v)− ε
k
]
.
This is an S1×G–equivariant diffeomorphism (onto its image), where the S1–action is the β–action
on νk and the ϕ–action on Pε. Its inverse can be constructed as follows: given [v, w] with w 6= 0,
we first represent the same class by an element (v′, w′) such that w′ is a real positive number, and
then define
Φ−1([v, w]) := v′ .
Moreover, since Φ factors through the map νk(ε, δ) →֒ H
−1
τˆ (ε/k) which is the identity in the first
component and a real function in the second one, we have
Φ∗Ω = Φ∗(ω,−i dw ∧ dw¯) = ω ,
hence Φ gives in fact an equivariant presymplectic identification of νk(ε, δ) with its image under
Φ. More precisely we have
Φ(νk(ε, δ)) =
{
[v, w] ∈ Pε
∣∣ ε < µϕ(v) < δ} .
We can now remove a tubular ε–neighbourhood of Pk in νk and glue in the smooth manifold
V (δ) :=
{
(v, w)
∣∣∣∣ ε ≤ µϕ(v) < δ, |w|2 = µϕ(v)− εk
}/
τˆ
along the open “collar” νk(ε, δ), using the map Φ. In this way we define the new manifold
P˜ =
(
P − νk(ε)
)⋃
Φ
V (δ) .
Since Φ is equivariant, the β–action on P − νk(ε) and the ϕ–action on V (δ) fit together to give
a circle action β˜ on P˜ , which by construction coincides with β outside a δ–neighbourhood of Pk.
Similarly, the G–actions can be combined to define a G–action on P˜ . Moreover, Φ identifies the
given closed 2–forms on the two sides of the gluing, so P˜ also admits a closed 2–form ω˜ with the
property that ω˜ = ωP on P − νk(δ). With the action of S1 ×G and the 2–form ω˜ just defined, P˜
is a presymplectic manifold.
Moreover, there exists a map f : P˜ /β˜ → P/β, which is a G–equivariant presymplectic orbifold
isomorphism outside an arbitrarily small neighbourhood of Pk (and in fact coincides with the
identity map outside a slightly larger neighbourhood). We shall describe how to define f . On(
P − νk(δ)
)
/β it is simply the identity. In order to define it on V (δ)/ϕ a little more work is
required. First of all, denote by Sε the quotient
{
(v, 0) ∈ H−1τˆ (ε)
∣∣ µϕ(v) = ε}/τˆ . Then the
inverse of the gluing map Φ gives us a diffeomorphism Φ−1 : V (δ) − Sε → νk(ε, δ). Since Φ
is equivariant with respect to the ϕ × G– and β × G–actions, this descends to a G–equivariant
presymplectic orbifold isomorphism
(
V (δ) − Sε
)
/ϕ → ν(ε, δ)/β. Let h : [0,∞) → [0,∞) be a
smooth monotone real function, which satisfies the following three conditions:
(i) h(t) = 0 for all t ≤ ε;
(ii) h is strictly increasing on (ε, δ);
(iii) h(t) = 1 for all t ≥ δ.
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For v ∈ νk(ε, δ), define
S˜ : νk(ε, δ)→ νk(δ)− Pk , v 7→ h
(
µϕ(v)
)
· v .
The map S˜ is β ×G–equivariant so it descends to a well-defined G–equivariant map
S : νk(ε, δ)/β → (νk(δ)− Pk)/β .
The composition of Φ−1 with the “stretching” map S yields a map
f : (V (δ)− Sε)/ϕ→ (νk(δ)− Pk)/β .
Because of the boundary conditions on h, the map f glues on the outer side with the identity map
on (P−νk(δ))/β. On the inner side we extend it as the map Sε/ϕ→ Pk/β, which sends the ϕ–orbit
of [v, 0] to the β–orbit of π(v) (π being the projection of νk to its zero section). To see that f is
continuous in a neighbourhood of Sε/ϕ, one has to show that for any sequence [vk, wk]/ϕ ⊂ V (δ)/ϕ
that converges to some element [v, 0]/ϕ, it follows that f
(
[vk, wk]/ϕ
)
converges to f
(
[v, 0]/ϕ
)
. We
can find representatives (v′k, w
′
k) ∈ H
−1
τˆ (ε/k) for the sequence that converge to (v
′, 0), and hence
f
(
[v′k, w
′
k]/ϕ
)
=
(
h
(
µϕ(v
′
k)
)
· v′k
)
/β converges to π(v′)/β = π(v)/β.
4. Resolution of symplectic cuts
The methods described above can also be applied in some situations to find resolutions of
symplectic cuts, thus giving a (positive) answer to a question posed by River Chiang and Eugene
Lerman.
First note that the construction in the proof of Lemma 2 can also be carried out so as to
preserve an additional K–action. If (P, ω) is a presymplectic S1 × G–manifold as in Lemma 2
with an additional K–action that preserves ω and commutes with S1 ×G, then for an arbitrarily
small neighborhood U of the singular set of the circle action we find a presymplectic S1 × G–
manifold (P˜ , ω˜) with a K–action such that the S1–action is free, and such that there is a map
p : P˜ /S1 → P/S1 that is a G–equivariant presymplectic resolution of P/S1 supported on U . The
projection p is also K–equivariant, and if the initial K–action was “Hamiltonian” with a moment
map µK such that ιYMω = d〈µK |Y 〉 for every Y ∈ k, then we will also recover a moment map µ˜K
on the resolution that coincides with µK outside the neighborhood U .
To simplify the presentation in the proof, we chose not to include such a K–action: With this
additional ingredient, most steps of the proof just go through in a straightforward way, but let us
remark that in Proposition 4, the function µϕ is K–invariant, because
d
(
LYP µϕ
)
= LYP
(
ιXϕω
)
= 0 ,
for every infinitesimal generator YP associated to Y ∈ k. It follows that LYP µϕ = const, and since
YP is tangent to the stratum Pk, and µϕ vanishes on Pk, we have LYP µϕ = 0. For the proof of
Proposition 3 in the appendix, average α also over the group K, and show that Xs commutes with
the generators of K in the same way as it was done for the G–action. The moment map µ˜K on
the patch V (δ) is given by projection onto the first factor, followed by the original moment map
µK .
Theorem 5. Let (M,ω) be a Hamiltonian S1–manifold with Hamiltonian function h : M → R.
Assume that a ∈ h(M) is a regular value of h. Then we can perform the symplectic cut at a to
obtain the symplectic orbifolds
M(−∞,a] and M[a,∞) .
For any ε > 0, there are symplectic resolutions of both orbifolds by symplectic S1–manifolds
(M˜−, ω−) and (M˜+, ω+) with Hamiltonians H˜− and H˜+, respectively, such that h
−1(−∞, a − ε)
is isomorphic to H˜−1− (−∞, a− ε) and h
−1(a+ ε,∞) to H˜−1+ (a+ ε,∞).
Proof. The symplectic cut is performed by taking the product manifold M × C with symplectic
form ω ⊕ −idz ∧ dz¯ and circle action eiϕ ∗ (p, z) := (eiϕp, eiϕz) or eiϕ ∗ (p, z) := (eiϕp, e−iϕz),
depending on whether one wants to produceM(−∞,a] orM[a,∞). In the first case, the Hamiltonian
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function will be H−(p, z) = H(p) + |z|
2
, in the second it will be H+(p, z) = H(p) − |z|
2
. Taking
the symplectic reduction at the value a will yield the symplectic cut spaces.
Let us now focus on the ‘positive’ part of the cut, M[a,∞), since the argument for the negative
part is completely analogous. There is a symplectic embedding of h−1(a + ε,∞) into M[a,∞),
defined by p 7→
[
p,
√
h(p)− a
]
: it is equivariant with respect to the circle action induced on
M[a,∞) by e
iϕ ∗ (p, z) := (eiϕp, z). Notice that this action on the presymplectic manifold H−1+ (a)
plays the role of the additional K–action mentioned above.
The potential orbifold singularities of M[a,∞) lie in the cut hypersurface
{
[p, 0]
∣∣ p ∈ h−1(a)}.
Let Uε be the neighbourhood of this set defined as the complement of the image of
{
(p, z)
∣∣ h(p) ≥
a+ ε, |z| =
√
h(p)− a
}
. Denote by M˜+ the resolution of M[a,∞) supported on Uε obtained with
the method of the previous section and preserving the additional circle action (the K–action).
Then h−1(a + ε,∞) embeds into M˜+ in a symplectic and equivariant way. By construction, the
Hamiltonian for the K–action on M˜+ coincides with h outside the neighbourhood Uε, so the image
of this embedding coincides with H˜−1+ (a+ ε,∞). 
Appendix A. Proof of Proposition 3
The restrictions of ω and ωP coincide along the zero section of νk. In particular, if we denote
by i0 : Pk →֒ νk the inclusion of Pk as the zero section of νk, we have
i∗0(ω − ωP ) = 0 .
This implies that there exists a 1–form α on νk such that ω − ωP = dα and moreover α vanishes
on Txνk for every x ∈ Pk (see for example [CdS01, Theorem 6.8] or [MS98, Lemma 3.14]). Fur-
thermore, we may assume α to be β– and G–invariant, because if it were not, we could replace it
by its average
α′ =
∫
S1×G
(g∗λ∗α) dλ dg ,
which still satisfies
dα′ =
∫
S1×G
(
g∗λ∗dα
)
dλ dg =
∫
S1×G
g∗λ∗(ω − ωP ) dλ dg = ω − ωP
and α′ = 0 on points of Pk. Let Y be an arbitrary element in the Lie algebra of S
1 × G, and let
YP be its infinitesimal generator. Notice that from the S
1 × G–invariance, we also obtain that
iYPα = const, but since iYPα = 0 on the zero section, it follows that YP lies everywhere in the
kernel of α.
Now define the 1–parameter family of presymplectic 2–forms
ωs := s ω + (1− s)ωP .
Assume there exists a time-dependent vector field Xs such that ω =
(
ΦXss
)∗
ωs, where Φ
Xs
s denotes
the flow of Xs. Then we have
0 =
d
ds
(
ΦXss
)∗
ωs =
(
ΦXss
)∗ (
LXsωs +
d
ds
ωs
)
which is equivalent to LXsωs + dα = 0, or
d
(
iXsωs + α
)
= 0 .
In order to show that ω and ωP are S
1×G–equivariantly isomorphic, we need to find Xs satisfying
the last equation, integrating to a time–1 flow in a neighbourhood of Pk and commuting with S
1×G.
Let Xs be the unique vector field determined by{
g(YP , Xs) = 0⇔ Xs ∈ ΩP = (kerωP )⊥(
iXsωs + α
)∣∣
ΩP
= 0
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for any infinitesimal generator YP for the S
1×G–action. It is easy to see that iYP
(
iXsωs+α
)
= 0,
so it follows that iXsωs + α = 0 on the whole tangent space and not just on Ω
P . To see that Xs
commutes with Xβ , compute
0 = LYP
(
iXsωs + α
)
= iLYPXsωs
and
0 = LYP
(
g(Xs, YP )
)
= g(YP ,LYPXs) .
Combining this with the fact that ωs is nondegenerate on Ω
P we get that LYPXs = 0.
Finally notice that, since α vanishes at all points of the zero section of νk, Xs also does and
hence its flow is defined in a neighbourhood of this section up to time one.
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